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We are interested in calculating the amplitude and the cross section for Compton
scattering for particles of differing spins. Compton scattering being 2—2 interactions
between of boson and some other particle. If we wish to tackle gravitational scattering
off of particles of varying spins, it’ll be important for us to review the language by which
we will conduct our analysis. We take the usual canonical/second quantization route for
analyzing scattering (as this is the method that is most familiar to the author) and cover
the cases for scalar/vector and spinor/vector scattering as warm ups for the real thing:
scalar/tensor, vector/tensor, and spinor/tensor.

This document is organized as follows: section 2 will be dedicated to writing down
the respective Lagrangians, equations of motion, and quantizations for a complex scalar,
vector, and spinor field. In section 3, we shall focus on putting in interactions with a
particular focus to those relevant for Compton scattering. We will then dedicate the last

section to gravitational couplings.

Conventions We use the mostly plus metric signature, i.e. 7, = (—,+,+,+) and

. - . . . . _ 1 ~
units where ¢ = h = 1. The reduced four dimensional Planck mass is Mp = Nl
2.43 x 10" GeV. The d’Alembert and Laplace operators are defined to be O = 9,0 =
—0? +V? and V? = 9;0" respectively. We use boldface letters r to indicate 3-vectors and

x and p to denote 4-vectors. Conventions for the curvature tensors, covariant and Lie

derivatives are all taken from Carroll.



1 Scalar, Vector, and Spinor Field Canonical Analy-
sis
1.1 Complex Scalar Field

Consider the Lagrangian density

L=-0,000"d — M?®'D, (1.1)

where @ is a complex scalar field. Note: no factor of 1/2 since a complex number can
be written as a combination of two real scalar fields i.e. & = \%((%51 + i¢s). We can plug

this decomposition into the Lagrangian to get
1 i 1 5.5 1 " 1. 5.
L=—50u010"01 — SM 61 — 50,$20"¢2 — S M7, (1.2)

which is just a theory with two scalar fields. Thus, one complex scalar field is equiv-
alent to two real scalar fields. We can write down the action for the complex scalar field

as

S = /d%ﬁ[@,@*,@@,&cbﬂ. (1.3)

We take the field and its complex conjugate to be independent of one another. As
such, under the independent variations ® — ® + 6® and ®f — &f + §&T with both
variations going to zero at the boundary. The action varies as S — S + 0S5 and we
require 05 = 0 (the variational principle). As in the real case, we integrate by parts the

terms 0,P0" 69T, 9,P70" §® and drop the surface terms

68 = /d4x [(—O® + M?®) 50" + (-0 + M>®T) §9], (1.4)

implies that the equations of motion for both fields are

oL oL oL oL
95 oY% b+ M2 — = 9, = - + M?*®t = 0. (1.
o aua@m + 0, =2 aﬂa(aucp) + 0. (1.5)



The solutions are called the ”Normal Modes”: ®(r,t) = ozpei(p'r*Ept). Plugging this

into the differential equations gives us

(—EL+p*+ M?*)®(r,t) =0 = E, = \/p2+ M?, (1.6)

which looks a lot like a relativistic dispersion relation. Next we normalize the solutions

in a cube of side L with periodic boundary conditions (we’ll eventually take L — o0)

/d3r

This is the discrete momentum representation used in Statistical Mechanics with

Z Y = /d3 (1.8)

Ng,My,N-EZL

such that

ei(p'rfEPt) 2

| =t (1.7)

The quantized solutions are

(&peip.:c_'_i)l:e—ip.x)’ <I> I‘,t al et x_|_b P x)

1 1
S mL w2 i

(1.9)
where p-x =n"z,p, = p-r — Ept, and a,b are independent operators with

[ip, @] = 0pq = [bp,bq} [d,f)] = [4,8] = [13, B} E— (1.10)

We can compute the Hamiltonian for this system. First the conjugate momentum is

(x) = gg = ¢ = I (2) = . (1.11)

And so the quantized Hamiltonian is thus

H=T16+ 116 - £ =M+ Vo - Vo + M6, (1.12)

with

. T E, iy
HT(m)zézﬁZ\/:(ap — ble~ ), (1.13)



Terms aa, ZA)IA), atat, bTbt cancel out and leaves us with
H= [ & H= i+ By + -+ 1.14
- r —pr apap+pp—|—§+§ , (1.14)
p

where the two 1/2’s come from the two oscillators. We can also define a charge and

momentum operator

Q= dhap —blbp, P = plahap+blby). (1.15)
p

and we can see that [13,]:[] Note: the value of the charge for the a oscillators
is positive and for the b oscillators is negative. We interpret this as the existence of

particles and anti-particles.

Hilbert Space: Fock Representation Because these are creation and annihilation
operators, we have the usual relations ap, [0) = by [0) = 0, ¥p = |0) is the vacuum state.

We can also represent an arbitrary state as

0) = |np) = d;r)&p [np) = np [np) , (1.16)

where |np) is a state with ny, particles (for a fixed p). We also have Q |np) = np |np).

We also have

10) = |np) (1.17)
which is a state of np antiparticles in it and
Q |fip) = —Tip |Tip) , (1.18)

which is the opposite sign of the particles. So we can conclude that particles have
the same energy as anti-particles £, but opposite charge. Using commutation relations

yields



Now consider 8 = constant and

IO . )2~ [T~ .
e 005(2)0 — & 4 0 [@,Q] Lo ;) [Q, [Q,(I)H i (1.20)
and [Q, CTD] — -®(z) which gives us
() = b1 iob 1+ UG 4 () (1.21)
- 3 L= . .

The phase, or global gauge transformation forms a group. In this case it is the unitary
group U(1): under two consecutive transformations by #; and y and define the (group)
operator U(#) so that U()®UT(#) = e?® which we have identified as U(#) = =<
We can see that this is an Abelian grou by U(6,)U(6) = e~1Qe=162Q = =i(t1+02)Q —
U(0,)U(6,). The group of phase transformations that keep £ is a U(1)—Abelian group
and the generator is the conserved charge. The Noether conserved charges are the gen-
erators of the symmetry group of transformations.

Next we can construct the Green’s Function for the Klein-Gordon differential operator.

Suppose we have an external source J(t,r) coupled to a complex scalar field

L=-0,90"0 — M*®*> — JO = -0 + M?*® = J. (1.22)

We can write the solution using a Green’s function G/(z — y) that satisfies the differ-

ential equation

—0G(z —y) + M*G(x —y) = =W (z —y) = —0(t — )0 (r — s). (1.23)

Then, the solution to the equations of motion are
B(z) = o(o) - [ Ay Gl - 1)T(w) (124

with —0®, + M?®, = 0. Find G(z — y) via a spacetime Fourier Transform

Glo—1) = [ S2erec), (1.25)

LAn Abelian group is a group where the group elements commute under the group operation.




with p# = (p°, p) and d*p = dp® d®p and

dp
/ (QWZ)?L;@W'(“” =09 (z —y). (1.26)

Inserting these Fourier Transforms into the differential equation yields

(p* + M*)G(p) = —1, (1.27)

where p? = (p°)? — p?. Then

d3p e—zp O(t— T)ezp (r—s)
/ / S (1.28)

The problem with this expression is that the [dp" features singularities at p® =
+./p?+ M? = E, along the real axis which is the range of integration. We need a
prescription to handle these singularities i.e. different ways of ”going around” the poles

at p” = +F,. In the p°— Complex plane

XSy
“k, €,

Figure 1: The singularities £F,, in the Complex p"-plane.

Consider the following contour deformations
These contour deformations are equivalent to the ”ie—prescriptions” with ¢ — 0T,

The Green’s function becomes

~ 1 ~ 1
G(l) 0, _ : 7 0 — :
L P (T i) — B2

(1.29)

so the poles are at p° = £E, + ie and p” = +E,, — ie respectively. Next we have

1 1

S N )

(1.30)

Here the poles are at
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Figure 2: Contour deformation around the singularities in the complex p’-plane. Each
contour results in a different Green’s function.
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Figure 3: Contour deformation making use of the "ie—prescriptions”. By moving the
poles off of the real axis, we can compute the contour integral.

, 1€ 1€ n
pOZ:I:Q/Eg—er::I:Ep‘/l—I—ﬁ z:I:Ep(l—i—@) ::I:Ep(1+E—p), (1.31)
p P

where 7 = 75— — 0. So there are two poles p° = E, +in, and p° = —E, — in and

n—0F.

The last propagator is at

% (4) _ 1 _ 1
= B P () (1.82)

with the poles p° = +E, <1 — é—i) =+F, Fm.
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Figure 4: When applying the ie prescription to the poles in the Fourier Transform of the
Green’s function.
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Figure 5: The placement of the poles for the 4-th Green’s function Fourier Transform.

1.1.1 Carrying Out The Integrals

All four cases have the form

*dp® o A
/ %e po(t )G(po,p). (1.33)

X { X
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Figure 6: Contour integral around the singularities £F, 4 te. The upper half part of the
Complex p°—plane (i.e. Imp® > 0) is the region when ¢t — 7 < 0. Closing the contour in
the bottom half plane (Im{p°} < 0) is done when ¢ > 7.

For t — 7 < 0, we close the contour in the upper half plane (UHP) because Im p® > 0
which implies there are two poles (and we let € — 0). Implement the Residue Theorem

and get



oi efiEp(th) 6iEp(th) L3
or | 2B, = 2B, | (1.34)

where the first time is from the pole at E}, + i€ and the second term is from the pole
at E, —ie. For t —7 > 0, we must close in the lower half plane (LHP) since Im p® < 0 =

there are no poles in the LHP. Thus we can write

dp° -~ 0 (t—7) O(t — 7)sin(Ep(t — 7))
—_— z o = . 1.
/R 5, G pe B, (1.35)

In the integrals over p, we can write

/ d3p |:eiEp(t—T)e—ip~(r—s) e—iEp(t—T)eip(r—s) (1 36)
—1 — . .
(2m)3 2E, 2E,
Taking the second term and relabeling p —+ —p, we can conclude
d’p Ot —7)sin(p- (z —y))
GY(z—y) = / : (1.37)
(2m)? Ep

We refer to this as the Advanced Green’s Function.

Figure 7: Here, closing in the upper half plane ensures 7 > ¢ and closing in the lower half
plane results in ¢t > 7.

Here, both of the poles are in the LHP. This implies that the contour for 7 > t is zero
and for ¢ > 7 (where we orient the contour clockwise) we get —2mix sum of the residue

which yields

(—27i) [eFplt=T)emip(r=s)  =iBp(t=7)ip:(r=s) ot — 7) = sin(Ey(t —7))0(t — 1)
2 2F, 2F, = B, ’

(1.38)

where the first term from the E}, —ie pole and the second term comes from the —E, —ie

pole. Doing the same treatment as before yields the Retarded Green’s Function



GP(z —y) = —/ é;’;?, sin(p bﬁi “Wer 7). (1.39)

The third Green’s function is:
/ E;,<1-M7

’—-_—E _’; ———
o' /

Figure 8: The poles that we integrate around now become £}, &+ 7 and we the closing
in the upper and lower half plane retain their same meanings as previously indicated.

For ¢t > 7, we close the contour in the LHP around the pole at —E, —in (n — 07) we

—9omi e'Ep (t—7)

orient the contour clockwise and get the pole =~ (—2hy) For 7 > t, close in the UHP

and orient the contour clockwise around the pole Ej, + in = %eﬂgzﬁ and the sum of
™ P

the residues become

e—iEp(t—T) @ eiEp(t—T) @ L0
| ————O(r —t) + ————O(t — .
| smetr -0+ et -], (1.40)
and the Green’s function becomes
d3p 67;1)'(1‘_5) . .
3 . . ~ [ ,iEp(t—T) . —iEp(t—7) .
GOz —y) —Z/ @r) 2, e 1Ot — 1)+ e o(r —t)]. (1.41)

The last Green’s function is:

—Eatl
2

Figure 9: Finally the contour here is for the poles at +FE}, T in with closing in either the
upper or lower half of the plane retaining the same meaning as the other contours.

For t > 7, close in LHP (clockwise) around the pole E, —in = _22;”%(:7) and for

2mi e~ Ep(t=7)

7 > t close in the UHP (counterclockwise) pole at —E, + in = 5 gy - And the

residue theorem yields

10



[Pt — 1) + PO (7 — 1), (1.42)
2,

and finally we have the Time-Ordered or Feynman Green’s Function/Feynman Prop-

agator

d3p eip-(rfs) ) ]
GY(x —y) = —i / — e BN Q(t — 1) 4+ T (1 — )], (1.43)
(2n) 2B, [ )

Green’s functions differ by a solution of the homogeneous equation. This can be
shown from, the relation ©(t — 7) + O(7 — t) = 1 and the fact that e*Ee(t=") P (=5) are
particular solutions of the homogeneous equation (—0 + M?)G = 0.

The Feynman or time ordered Green’s function plays a fundamental role in perturba-

tion theory.

1.1.2 Feynman Propagator

In the second term in G®, relabel p — —p in the d®p

dp 1 , : , ,
6o ) = Grla =) = =i [ Gl (0 TP — ) TP ()
(1.44)
d4 —ipQ(t—7) Lip-(r—s)
_ / p ¢ e (1.45)
™ - 1€
(2m)t p? — M2+

Recall

d3p e—iEp(t—T)eip(r—s)

0éw i 0 = [ 58

d3p eiEp(t—T)e—ip(r—s)

-0 e ) = [
(1.46)

2wp

which implies that the Feynman Green’s function can be written as

iGp(z—y) = O(t—7) (0] d(r, 7)o(s, 7) 0)+O (7—1) (0] (s, 7)$(r, t) [0) = (0] T((x, ) (s, 7)) [0) ,
(1.47)

which is the time-ordered correlation function (or the time ordered product).

11



1.2 (Massless) Vector Field

E&M can be deduced from the theory of a massless spin-1 vector field. Maxwell’s Equa-
tions are then obtained from a variational principle for fields similar to the case studied

before. The Lagrangian is

1
LIAOA] = —{F" Fy + TV A, (1.48)

where F,, = g, F" = —(9,A, — 9,A,). L is invariant under Lorentz Transfor-
mations: F* — AAF*®  F,, — AAF,; = F*F,, is invariant and J* — A¥ J* A, —

]\%Aa = JFA, is invariant. Thus

S = /d4:r£, (1.49)

is invariant under Lorentz Transforms with — F* F,, = 1(E? — B?).

|t,[r[—o0

Next we introduce the variational principle A, — A, + 6A, with 04, 0.
Under this variation ' — F + §F = two linear terms §(F*) F,, + F* §(F,,), but
these are the same because for two tensors F* A, = F,,A" = 0L = —%FW O(Fu) =

—5Fr (9,04, — 0,0A,). We can relabel p <+ v in the second term since all indices are

summed to get F*#0, 6A,. Thus the Lagrangian and hence the action is

0L =—F"0,0A, =05 = /d% [—F"0,0A, + J'OA, =08 = /d% [0, F* + JH|6A, .
(1.50)
And we are thus left with the equations of motion d,F* = —J*. So ME are both

covariant and form invariant with Lagrangian £ = —%F WEw+ JFA,.

Gauge Symmetry The description of the physical fields E, B in terms of A* is redun-

dant:

A%(z) — A%x) — O,A(x), A(z) = A(x) + VA(1), (1.51)

and both equations can be bundled up into a single equation written as A*(x) —
At(x) 4+ O*A where A is an arbitrary differentiable function. The field strength tensor is

varies under this transformation as

12



Fr = 09"AF — 0" AV — 0Y(A* + O*A) — 0" (AY + 0"A) = F* + 0"0" A — 0"O" A = F*,

(1.52)

and so the field strength and by extension the electric and magnetic fields are invariant
under this transformation.

Under these local gauge transformations, we can use this invariance to reduce the
number of fields (A*) to the physically relevant ones describing physical degrees of freedom
(dof). Let us begin with the source-free (J* = 0) theory. The reduction to the physical
dof implies a constraint on the gauge fields A*. There are several possible constraints

that we can place.

Coulomb Gauge: V-A =0.

For Jt =0= V- -E=0= —V24° - 9,(V-A) = V2A° = 0. Tmposing regularity
at |r| — oo, the only regular solution is A’ =constant which corresponds to a constant
potential that can be set to zero which we shall do so ourselves A =0 and V-A =0 =

0, A" = 0. Then the equations of motion in the Coulomb gauge become

9, F" =0 = 919, A” — 9,0" A" = OJA" = 0. (1.53)

Since we have A° = 0, this equation implies

OA(r, ) = 0. (1.54)

The solutions to these equations are plane waves:

(2 —=VHA=0= A(r,t) =e(p)e PP 5 2 _p2—0=p=w, =p. (1.55)

Define p* = (p°,p) = (wp, P) = p"x, = wpt — p - T and ptp, = (p°)? — p> = 0 = p*
is a null 4-vector.

The condition that —V2?AY = 0 leaves the possibility of A° being solely a function of
time: A°(t). However, this can be ”gauged” away by a transformation with a function

At) ie.
AP(t) = A°(t) + OA(t) = 0 = A(t) = — /t A%ty at’ . (1.56)

13



For this plane wave solution, the Coulomb gauge condition V-A =0 =p-e =10
implies that € is perpendicular to p = € is transverse. Define é;, s, p as the right-handed

triad which acts as a basis in 3D Euclidean space.

Completeness of the Basis

sia] | sia] | M sif (410 A A A A PN
e+ e+ e =0"=[13]Y, & xé=p, &XPpP=¢&, Pxé&==¢&. (157

All of these properties combine together to yield

x>

2
> ad =67 - p'pl, (1.58)
A=1
£,(x)
which is the transverse projection operator and

/‘(v:\
‘ &y 8y = Oxp. (1.59)

Figure 10: Basis describing

the propagation of photons Nore On The Coulomb Gauge: A°=0, V-A=0
in terms of its wave vector

f( and polarization vectors Only 2 physical dof corresponding to two independent

that are transverse to its di-

. : transverse polarizations E = —0;A, B = V x A. This
rection of propagation.

gauge condition (constraint) exhibits the correct physical dof. However, it is frame de-
pendent since under a Lorentz Transform: A#(x) — A™(x) = A", A”(x) may not be
in the Coulomb gauge. In the new frame, we can do a gauge transformation back to
the Coulomb Gauge so Coulomb Gauge + gauge transformation = Coulomb Gauge in
any frame. E&M is covariant under Lorentz Transformation and gauge invariant for the
physical dof E, B.

The Coulomb Gauge with J# # 0 with V-A =0and E = -VA° - 9,A =V -E =

—V?2AY = p. The solution is

A(r, 1) = /d% pls: ) (1.60)

v —s|’

this implies A°(r, ) is not a dynamical variable but is completely determined by the
charge density p(r,t). This leads to the conclusion that there are only two dofs.

Another important gauge condition is the Landau/Lorenz gauge: 0,A" = 0. The

14



virtue of this gauge condition is that it is manifestly Lorentz invariant. In this gauge, the

ME become

0, F" = —8,0" AP 4 9(9,A”) = JH = —DA* = J¥, (1.61)

Compatible with the LL gauge is

0(9,A") = 0 = 9,J". (1.62)

The LL gauge leaves 3 dof (4A* — 1 constraint). However, LL doesn’t completely fix
the gauge since we can still perform gauge transformations A* — A™ = A* + O*A so
that CJOA = 0. Such gauge transformation keeps A’ in LL but represents a redundancy.
We can use this residual gauge transformation to get rid of one dof leaving two physical
dof as in the Coulomb Gauge. To see this, consider J* = 0 = OA* =0, 9,A" = 0. The
plane wave solutions are A¥(z) = e*(p)e”"?* with p-p = 0. The LL enforces p,e" = 0

with p, = (po, —p) can write (since p* = 0)

¢"(p) = a(p)p" + b(p)e(y) + c(p)ez), (1.63)

where e’(‘l) = (0,€n)), e’é) = (0, €(2)) and & 5 are the transverse unit vectors that define
the Coulomb Gauge under a Gauge Transformation A* — A" = A" + 9*A. In Fourier

Space:

A (p) — A% (p) = A"(p) + p"A(p). (1.64)

We can fix A(p) to be —a(p) to cancel the p* component of €*. As a result, the
residual gauge transformation with A being a harmonic function (OA = 0) to get rid
of one dof leaving only the 2 physical dof in the Coulomb gauge. The advantage of
LL is that it is Lorentz Invariant and yields a simple equation of motion —[JA* = J#
and 0,A" = 0, but "hides” the correct 2 physical dof. The Coulomb Gauge exhibits
explicitly the two physical dof: transverse polarizations. The action is invariant under

Ir|,t—00

Gauge Transformations: under A*(z) — A* + O*A with A ——— 0. Thus from the

action

15



1
S = / d*x {—ZF“”FW + JﬂAul, (1.65)

under the gauge transformation

1
S— S = /d4:1: {—ZF*‘”FHV +JEA, + JM@MA} : (1.66)

And the last term goes to zero under integration by parts as well as charge conserva-
tion. Moving back to the Coulomb Gauge where A° = 0 = A’ = —E’, the Hamiltonian

Density then becomes

. . 1
H=1"4 —II'A" — L = §(E2 +B?), (1.67)
where we used the fact that £ = (E* — B?). The Hamiltonian then becomes
1
H= 5/di’w (E* +B?). (1.68)

In the Coulomb Gauge (when J* = 0) JA = 0, A° = 0. The particular solution

(called the normal modes) is A%(x) = €'(p)e~"P* which yields

2 .
. 1 e\ T, ip- ~t —ip.
Al(r,t) = — E E A [ap7,\ew +al e W], (1.69)

where p-x = —wpt + p- 1, wp = |p| and E = —0,A, B =V x A, with & 5, defined

previously. The Hamiltonian then becomes
= 1
H = E E ( p)\ap,\ + ) (170)

with the commutation relations

[apsal,] = Opgdne,  [a,a] = [a',aT] =0, ap]0) =0, (1.71)

in which ap » annihilates a photon of momentum p and polarization A and dL ) creates
a photon of p and polarization A. We can then represent any Fock state with np y photons

of momentum p and polarization A by

S LU (1.72)



1.2.1 The Photon Propagator

Recall the Euler-Lagrange Equations for E&M

—0,F" = Jt = 0,(—0" A" + OMAY) = JH & TOAH — 94(0,AY) = J*.

(1.73)

The photon Green’s Function/propagator will be used in Feynman calculus to obtain

gauge invariant observables, such as cross-sections or transition rates. Therefore we can

calculate in any gauge since the result is independent of such choices. Lets start with the

LL gauge: 9,A" =0 :

—OA" = J*-.

Now we introduce the Green’s function G*(x — y) that satisfies

~0,G"(z — y) = ¢ W (z — y).

Thus we can write the solution to the equations of motion by

Al(r,t) = /d4y G" (x —y)Ju(y).

Just as for the scalar field, introduce the 4D Fourier transform

d* ip-(z—y) Fyuv d* ip-(z—
6o =)= [ e nam ). a0y = [ SR

Fourier Transforming the differential equation for the Green’s function gives

g

pzé‘“’ =g" = G = R
p

Again we need to specify the pole prescription:
(I) p° — p° — ie = Advanced
(IT) p° — p® + ie = Retarded

(ITD) (p°)* — p* — (p°)? — p? + ie = p* + ie = Feynman.

(1.74)

(1.75)

(1.76)

(1.77)

(1.78)

This is the important Gz to calculate cross sections etc. in Feynman calculus! Thus

the Green’s function is then

17



~ g:‘“j
G"(p) = . 1.79
0= (1.79)

The main results of the description with sources in the Coulomb Gauge are the fol-

lowing. ME in the Coulomb Gauge becomes

V- -E=-V24A"=)° (1.80)

A spatial Fourier Transform yields

: J°(p) 0 1
0 _ 00 __
Next we have
_ 1 .
—UOA(r,t) = J(r,t) = A(p) = J 1.82
(0 =3.0) = Al) = I, (1.82)
or it can also be written as
A 0 J 1.83
- p2 + e j(p)a ( : )

where we’'ve lowered the index j. Note that this only holds for V - A = 0. The other

components of the Green’s function in this gauge are

(1.84)

where i, j only correspond to components obeying p - AT = p - J¥ = 0. Similarly to
the scalar field case, we can relate the time-ordered product to the Feynman propagator

of the photon

d4p e gw/
(27T)4€p( y)m (185)

(o[ (A 1) %5, 7)) [0) =i — ) = 2/

1.3 Dirac Spinor
Now we focus on massive Dirac spinors. We start off from the Dirac Lagrangian

£ =5(id —m)o, (1.86)

18



where ¢ = 4%, We work in the representation where,
0_ _
A0 = Y= | . (1.87)

|r|,t—00

We vary o1, 1 independently ¢ — ¥+ 6¢ , 9t — ot + 6t with 6, 09" ——=5 0 and

T = (5,5, 40%,4%). Let us consider
where 8 = ~% and o = %" as the Lagrangian and

S = /d4:c£, (1.89)

is the action. Under the variations ¢ — 1461, T — T+ 59" and assuming 6.5 = 0

to linear order, the variation ¢ — T + d¢T gives us
68 = / d*z 6T [0 + ia' 0 — Bmap] = 0, (1.90)
and under the variation v — ¥ + § we have
6S = / d*z ¢ [i0, 6 + ia’0; 6] = / d'z [—i0p —id"yTa? —¢TBm] sy, (1.91)
This yields the equation of motion

(id — m)y = 0. (1.92)

The solutions of the Dirac Equation are 4-component Dirac spinors

_%_
Y(r,t) = e ElePT ZQ = UA , (1.93)
3 up
V1]

and the Dirac Equation
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(iR, + ia’d; — Bm)Y = 0. (1.94)

where u4 and ug given by

ug = ke , up= vs , (1.95)

(2 Vs

are the two-component spinors just like in Non-Relativistic Quantum Mechanics of

spin-1/2 electrons. In the standard Dirac Representation

E—-—m)1 —pio; U
( | = ~0. (1.96)

—plO'Z' (E + m)]lg up

This matrix equation yields two additional equations
(E—m)ua = (p'o)ug, (E+m)ug= (p'o;)ua. (1.97)

Using the fact that (p'c;)(p’o;) = p? by multiplying the leftmost equation by (7 - p)

(as well as using the rightmost equation), we get the dispersion relation

E*—p?’=m?= E =4./p?+m2. (1.98)

We therefore have two solutions for the energy. With this knowledge we can solve for

up in terms of uy to get

piO'i p—0
= s 0. 1.99
up = g (1.99)

Thus, we have two independent two-component spinors

Uups = s up = s (1100)

for the positive energy solution taking the form

Ua
ug =N| , (1.101)
poi

E+mc? ua
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where u,4 are the two component spinors defined previously. The negative energy

solutions F = —y/p? + m? of the Dirac Equation can be found in a similar way

plo; p—0
Uy = — U > 0, 1.102
A |E| +m B ( )
where £ = —|E|. We get the same two linearly independent spinors with the 4
component spinors being
plos
usy =N | FETL (1.103)
Up
where
1 0
Uz = s Uy = . (].].04)
0 1

For p = 0 (the rest frame of the electron) we get

1 0 0 0
0 1 0 0
Uy = , Uy = , Uz = , Ug = s (1105)
0 0 1 0
0 0 0 1

where u; is the positive energy spin up in the rest frame of the electron (spin along
z-axis which would therefore make the two-component spinor to be an eigenvector of ),
us is the spin down positive energy spinor along the z-axis, us is the negative energy spin
up spinor and uy is the negative energy spin down spinor.

Dirac realized that the negative energy solutions correspond to anti-particles

. Y2 Dz — Zp
plo; = . (1.106)

Pz + ipy —DP:z

It is convenient to define the 4 solutions as
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For £ = —|E|, we write

v2(p) =

1
0
ui(p) = Np
i 1
plo;
|E|+m
0
0
1
u2(p) = Np
; 0
plo;
|E|+m
plos
|E|+m
= uy(—p) = Np
0
1
plo;
|E|+m
U3(_p) = _Np
1
0

where we normalize our solutions by

where ul = (u}, u}, u}, u}). Further more, it is straightforward to prove that

uly

Pz
|E|+m

(pz+ipy)
L [E[+m ]

ug = vhvg = 2|E|d4p,

uly

(p)UB<—p) = 07

for A, B =1,2. The normalization condition yields

2 |8
MO*MHM?

2
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(1.108)

(1.109)

(1.110)

(1.111)

(1.112)
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The 4 ”canonical” solutions u;(p), uz(p), v1(p), v2(p) form a complete set of solutions

to the Dirac Equation.

Current Conservation Writing the equations

iOpp = (—id'0; + Bm)y, 0t = i0; e + ¢ Bm, (1.114)

then multiplying the first equation by ' and the second equation by 1 and subtracting

them we get

i0,(w1) = i,(iaiy). (1.115)

Define the Dirac charge density and current as

p=vly, J=ylay = 0p+V-J=0e9,J" (1.116)

where J* = (p,J). Now we can define 1) = ¥'7° which frees us up to write ¢)fa’y) =

1y0aty) which yields p = 3%, J* = 1py™) thus

JH = iyt (1.117)

The Lagrangian is invariant under global gauge transformation ¥ (x) — €y (z), ¢f(z) —
YT (z)e™® where §# € R. Consider the infinitesimal variation dv = 6, dy9i = —iyTo.

From Noether’s Theorem we can construct the current

p_ 0L o =
oYl = 20,0 o = Py, (1.118)

oL oL
)
0.0 " a@,0m

‘u:
J@

which is conserved. A result previously obtained from the Dirac Equation. We can

also see that under a Lorentz Transformation ¢ — 1S~!, ¢ — St which implies

JH = pSTINHSY = A A = AP V. (1.119)

And so we can conclude that J* transforms as a contravariant 4-vector.
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1.4 Quantization

Since ¢ (x) is a complex field, the most general solution of the Dirac Equation is a complex

linear superposition of particular solutions

Vi) 'vf-iiijii,vr—- pata(P)e?” + doap)e ). (1120)

A=1 p

The factor of (2E,)/? is there because we normalized the spinors u,v such that
ufu = vlv = 2|Ey|, Ep = /P2 +m2, bpa,d. b4 are the generalized Fourier coefficients.

Using the equations

Opq = %/d?’r exp(i(p — q) - 1), (1.121)

(@'pi + Bm)ua(p) = Epua(p), (1.122)

(—a'pi + fm)va(p) = —Epva(p), (1.123)

uly-up = vl - vp = 2B,048,  ul(P)vp(—p) = vh(p)ua(p) =0, (1.124)

we get the Hamiltonian to be

= ﬂﬂw”nwawm ZE[@N%MA, (1.125)

the momentum is

P - Z p[BLABPA - CZPAdLA]a (1.126)
p,A
and the charge is
Q= /d37“ jO(I‘, t) = /d37" @/}T(x)@/;(x) = Z [BLABPA + cprdTpA], (1.127)
p,A

Can we impose canonical commutation relations as for Klein Gordon fields? Doing so

leaves us with
[fipm JLB} = Opadap = dpadt y = 1+ d ydpa, (1.128)
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which alters the form of the Hamiltonian by

=3 By |Babpa — djadpa 1], (1.129)
p,A

and we get a negative zero point energy. Because of the (-) sign, we can lower the
energy by allowing more quanta of negative energy. This implies that the energy is un-
bounded from below which yields an unstable ground state. To obtain a well defined

ground state, we must instead impose anti-commutation relations on the Fourier coeffi-

cients
(b} = L} = bpains {00} = {add = {it, ) = fidt) =0
(1.130)
Now we have cprcZL q = —CZL AchA + 1 which when plugged into the Hamiltonian
becomes
0 =3 By |babpa + dbadpa] =23 B, (1.131)

p,A p

where the 2 results from us doing the A sum. Therefore the ground state |0) leaves
bpa |0) = dpa |0) = 0, (1.132)
where we’ve promoted the Fourier coefficients to creation and annihilation operators.

1.4.1 Field Operators

The Dirac field operator is (plane wave normalized)

2

~ ]_ 1 ~ T 7 —ip-x

P(r,t) = NG E g I [pruA(p)ep +dLAvL(p)e P ], (1.133)
p A=1

2

~ 1 1 f —ip-x 9 ip-x

WW):WE S T [bLAu;(p)e o4 4 qua(p)e’™ ] (1.134)
p A=1

v and 9T are 4-component spinors and obey the equal time anti-commutation relations

{ae ) 060} =0ap0@—s),  [daths| = {dh 0k} =0, (L135)
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1.5 Spin Statistics Theorem

For scalar fields (spin 0), photons and massive vector bosons (spin 1), quantization is
carried out by imposing commutation relations. These yield a Hamiltonian bounded
from below (and are therefore stable) with a well-defined ground state

. 1
H=>"E, (aLA&pA + 5). (1.136)
A

b,

For spin-1/2 particles, we must quantize with anti-commutation relations to define a

ground state and a Hamiltonian bounded from below with

H= Z B, [IA)LAZA)I,A + CZLAdpA + zero point energy, (1.137)
p,A

Excitations are created by l;T, d and obey the Pauli Exclusion Principle as a result of

the anti-commutator relations.

1.5.1 Spin Statistics

Integer spin fields (particles) with s = 0,1,... must be quantized with canonical commu-

tation relations. These particles are bosons and they are symmetric under an exchange

.i.

oaal, = &LdeA (from [af,af] = 0). The consequences: the lowest energy

of pairs a
N— particle state is a Bose Einstein Condensate (BEC). Half-odd integer spin parti-
cles s = 1/2,3/2,... are fermions (Fermi-Dirac Statistics) and must be quantized with
anti-commutation relations: particles states are anti-symmetric under pairwise exchange
ZA)I)OCZA)LIB = —ELB?)LQ (from {b',b'} = 0) which results in the Pauli Exclusion Principle.
The spin statistics theorem is proven rigorously in Lorentz invariant relativistic the-
ories with local Lagrangian densities, obeying micro-causality. In fermionic theories,
bilinear operators (e.g. charge, density 171)) must commute for space-like intervals! The

non-relativistic limit and anti-commuting Fermi fields. The Non Relativistic limit corre-

sponds to the kinetic energy < rest energy < p* < m* = E, ~ m.
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1.5.2 Time-Ordered Product for Fermions

For fermion (anti-commuting) operators a(z), b(y), the time-ordered product is defined

as

T(a(x)b(y)) = a(z)b(y)O(t — 7) — by)a(x)O(T — 1), (1.138)

where the minus sign is there because of the anti-commuting nature of the fermion

fields. As a consequence of this we have

T(a(x)b(y)) = =T (b(y)a(x)). (1.139)

Now consider <0‘T<1@B(x)zc(y)>‘0> with ¢ ~ bu + div, @ — 14, and b[0) =
d|0) = 0. Since (i@, — m)ip(z) = 0, we can apply the Dirac operator to the time ordered

product to get
(16 = m) (O[T ()b ) [0) = (17°0, + 701 = m) 4z [ (0] T (¥m(2)cw) ) 0) ©(t = 7)
(0|7 (Petwyin@)|0)y o ~ 1] .

(1.140)
Using the fact that
20t —1) =8t —7), %O(r—1) = —o(r — 1) (1.141)
reduces down to
13 ({0 )]0 + (0] ew)dn()|0) ) ot — ). (1.142)

With ﬁc(y) = 149, = the 79, acting on the O-functions yields

irhp 15 (0 {n(@), 0L }[0) 6t = 7) = i prbed D@ =)ot — 1) (1.143)

= i0450% (r —8)0(t — 7). (1.144)

Thus when the Dirac operator acts on ¢(z) such that (@ — m)apts(z) = 0 we get
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(i) = m) a5 (O[T (¢n(@)bc))|0) = 6450w — ). (1.145)
Comparing to S’AB we have

<0‘T(¢B(x)$c(y)> )0> — iSpo(z — ), (1.146)

which is the Feynman time-ordered product/Green’s function for fermions.

2 Interaction Picture

Now we are ready to deal with interactions. In the presence of interactions in the

S | (t,)) with H = Hy + Hine.

Schrodinger picture, states evolve as |¢(t)) = e
A large part of the time evolution is "free” corresponding to a phase that doesn’t affect
the transition probability. The interaction picture removes this trivial phase as follows:

the total time evolution operator is

efiH(tfti) _ efiI:IotU(t; ti)eiﬁot N U(t;ti) _ eiﬂoteiﬁ(tfti)efiﬁot’ (2.1)

within the interaction picture. This operator is unitary i.e. U'U = 1. Consider
an initial and final state |i),|f) as Fock states which are also eigenstates of H, with

eigenvalues I;, E'y respectively. Then the transition amplitude can be expressed as

Aip = (fle7 =15y = <f|e_iH°tU(tf;ti)eiﬁ°t|z’) = e U BB (F1U (g5 8:))1) (2.2)

= [Aisf? = Py = [{FIU (g3 t:)]0) > (2.3)
The transition probability only depends on the time evolution operator in the interac-

tion picture with U(ti; t;) = 1. So what is U(t, t;)? If [Hy, Hipe] # 0, then the exponentials

can’t be combined into a single exponential. Restore h and consider
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ihd,U (t;t;) = ihd, [elipte RH (1) o= fHOt] =ih %U(t ti) — %emf?tﬁe_h ten ot Hl (t_ti)e_%ﬁoti]
(2.4)
— ih %f[of](t;ti) - %(e%ﬁotﬁle—%ﬁof> Ut ti)]

(2.5)
= e {3 (1) = H (6T (1),
(2.6)

where we regard H;(t) as the interaction Hamiltonian in the interaction picture i.e.
the Heisenberg picture of "free fields”. Thus the time evolution operator satisfies the

following equation

U AP . ) e
E = —%H[(t)U(t,tl), U(tl, tl) = ]]_, H](t) = BﬁHothte_ﬁHot. (27)

Thus in this interaction Hamiltonian, the fields feature the free field time evolution as
in the Heisenberg picture without interactions. In the interaction picture, states evolve in
time via the interaction of operators that evolve in time with the free field time evolution.

For example in QED we have

H; = e/ﬂAwd?’r, Hy(t) = e/d?’rﬂ(r, A, t)y(r,t), (2.8)

where 1,1, A are all free fields. The solution to the evolution equation for the time

evolution operator is

U(t; t;) _]l——/HI 1)U (ty; ;) diy . (2.9)

Since H; depends on a coupling (for QED the coupling is e) assumed small, we can

give the solution as a power series expansion in this coupling by iteration: replace

t1 R R
Uti;t;) =1 — / dte Hi(t2)U(ta; )
t;

. t A\ 2 rta to . R .
:>U(t;ti):]l—%/ dtlﬁl(t1)+(%) / dtl/ ty H1 (62 Iy (1) (1 ),
t; t; t;
(2.10)
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and we can express the very last term as

. i [ . .
Oltsit) =1~ 5 [ dta Bilta)Utt), 2.11)
t

i

which means we can write

U(t;t-):]l—%/ttdtle (t) + ( ) /dtl/ dty Hy(t,) H(ts)
(_Z) /dtl/ dtg/ Aty Hy(t) Hr(ts) Hy(ts) +

This is a power series expansion in H; (proportional to coupling) as time-ordered

(2.12)

integrals: Hj(ty)H;(ty)H (ts) - with t1 >ty > t3 > .. ..

In a scattering experiment, the initial state is prepared well before the scattering
events (far in the past) i.e. t;, = —oo and the final state is measured at a detector a few
meters away from the collision region, well after the scattering event. For example, at
the LHC, particles travel ~ 10km before colliding and detectors are ~ 10 meters away
from the collision region and particles move with v/c = 1. This makes ¢; ~ 107°s, t; ~
1078 s but the collision "time” ~ of a proton/c ~ 1072® s which means we can safely set
t; — —o00,ty — 0o and we thus need S = U(oo, —00) which is defined to be the S-matrix

St = (f|U(co, —00)|i) which we can write as

U(oo,—oo)z]l—%/oodtlHItl ( )/ dtl/ dty Hp(t1)H;(t2)
<_Z)/ dtl/ dt2/ dts Hy(t) Hy(t2) Hr(ts) +

Now we look at the 2nd order term and write it as

(2.13)

Since tq,ty are dummy variables, we can relabel them freely t; <> t5 which brings the

integral to the new form

I= % dtl/ Aty [Hy(t) Hy(t2)O(ty — to) + Hy(ta)Hy(t)O(ty — )] (2.15)
% dn / At TCH (1) Ey (12)). (2.16)
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This analysis can be done to all orders i.e.

0 (00, —o0) :1—%/00 dty fy () + 21‘(_@) / dtl/ Aty T(F, (1) i (1))

3u<—2)/ dtl/ dtz/ dts T(Hy(t) Hy(t2) Hy(ts)) + .. ET(g‘%ffooodtﬁI(t)>’

(2.17)

where here we regard 7 to be the time-ordering symbol. This inspires us to express

the S-matrix element (henceforth the matrix element) as

Sy = <f T(exp(—% /: dtﬁ,(t)))

and S = U(oo, —00) = T( T deH > is the full S-matrix. This is the essential

z> : (2.18)

ingredient in decay rates and cross sections by featuring a power series expansion in the

couplings

U(oo, —00) = 1 + UM (00, —00) + UP (00, —00) + .. ., (2.19)

where UM ~ O(e), U® ~ O(e?) and so on. As a result, the S-matrix is Lorentz
and gauge invariant (for relativistic Lorentz invariant Lagrange densities) even when it

involves the Hamiltonian.

2.1 2—2 Processes

Consider the theory of two real scalars ¢, y with L;y = —A¢?*x? and H; = A [ dr ¢?x?,

the vertex is now

We focus on this case because it is instructive on the general processes and techniques
for all interactions of this form. Let us study the following processes: annihilation ¢¢ —

xX and scattering ¢y — ¢x. In the interaction picture
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o(z) = ! > ! [ape™® + afe™"],  Y(a

o R

[Aqeiq-x + l;:rle—iq-a:] ’
(2.20)

the initial state is ’ s G, > and the final state is ! X X> This process features a

Ist order contribution (f|UM(R)]i) = —iX [, d*z (f|¢*%i). We need to destroy the

initial state |Cp > — |0) and create the final state out of the vacuum | 5 2> so it
has overlap with (f|. The relevant term from ¢? is
1 ; :
arrkaye], (2.21)

Z [dkl dk2€
Kk \/2VEY 2VE]

because we need to annihilate both particles from |7) which means we need two terms

ki1 = p1, ko = ps. Now we also need to create ’ 2> so the relevant x? term is

q1’

3 L [ b0, (2.22)

kiks \/2VER 2VES

and we need the two terms k; = ¢, ko = ¢ and k1 = @9, ko = ¢q;. Creating ’ 5 X>

which now has < f } > = 1 implies the S-matrix element is

q1’
ei(P1+p2—q1—g2)x

(2VES, 2VES,2VEX, 2VEX,)Y/?

Spi=2x% 2/\/d4x (2.23)

where the first factor of 2 is from destroying the initial state and the second factor of

2 is from creating the final state. This leaves the S-matrix element to the form

2 2

[[@vEs)~> H(QVE?;)—lﬂ] [(27r)45<4) (Z i — qu> Mﬁ], (2.24)
i 7

i=1 =1

Spi=

where the products serve as normalization factors and the delta function enforces
energy and momentum conservation. This the main result for 2—2 processes. The
scattering amplitude M, only depends on the particular interaction vertex and not on
the normalizations of E/p conservation. For ¢p¢ — xx, My = 4\, For A¢?x? scattering
process ¢x — ¢x we have |i) | G > ‘ Coo >

The ¢22 terms that are important in destroying the initial state and creating the final

state are
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7N
4 N
’

X X
1 ,
2y [altlakze“’fr’fz)ﬂ, (2.25)
kike \/2VEy 2VEY

where the factor of 2 is due to there being two terms i.e. ¢? ~ (a+al)(a+ at) ~ aal.

Similarly for {2, the relevant terms are

1 PN .
2y [bleer’Uﬂ—’“m], (2.26)

kiko /2VE 2VEL,

to destroy ‘ ;1> and create }C;<2> to overlap with (f| to get

etP1+a1—p2—gq2)w

VES 2VES,2VEX 2VEX, )1/

[(27r)45(4> (Z pi—> qf> Mﬁ] . (2.28)
i f

Spi =2 x 2)\/d4x ( (2.27)

2

2
H(2VE§Z_)‘1/2 H(QVE(’L_)‘W

i=1 =1

We can see that

M2 [2m) 26D (p + g1 — pa — go)]?
v 2B}, 2E5,2E), 2%,

[Spf? = (2.29)

What is [(27m)*0™ (p; + ¢1 — p2 — ¢2)]?? Because

(27T)4(5(4)(p1+q1—p2—q2) = /d4£13 gllPta—pz—ae)e — (27r)4(5(4)(p1+q1—p2_q2) /d4a: ciPrta—p2—g2)
(2.30)
Since ¢ (p1 + q1 — p2 — q2) is only nonzero for when p; + ¢1 — p2 — ¢2 = 0, we set
p1 4+ @1 — p2 — ¢2 in the integral and write [ d*z = VT which is the total volume of

spacetime. This leaves us with the transition probability per unit time

Piny _ 1 2m)*0W(p1+ a1 — p2 — @) [ Myil?
row 2E},2E5,25, 2EY, '

(2.31)

Thus the total probability per unit time is given by the sum over all final states and
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d3p d’q
we also use Zp Zq - Vf (27T)23Vf (271')23‘

account for indistinguishability in the final state (in this case S =1 but for 2 identical

We must include a symmetry factor S to

particles S = Z). We then have

tot 3 5
if S / d°ps / d?qs Mo 2 (0m) 5

N i g —pr— o). (232
T 4E§1E§1V (27T)32Eg2 (27T)32Eé<2’ f| ( ) (pl q1 — P2 q2) ( )

2.1.1 Cross Sections

Let A be an incident particle and B be the target with relative velocity v,e. The incident

beam features a number density ny = % Consider a cross-sectional area Aa L to the
incident beam

In a time AT, the number of A—particles passing

—’—9"&—" o through the area Aa is ANag = na(viaAt)Aa where
—_— (v At)Aa is the volume of particles passing through the
"ﬁ——- cross sectional area Aa in a time At.

The flux F', is the number of particles passing per unit

—
Ure &L

area per unit time given by

Figure 11: Cylinder of vol- N, AtAa

ume v, AtAa. F = T AGA; | AV (2.33)

If the target presents an effective cross-sectional area ¢ to the incoming beam then
all particles within o will be scattered off the beam

where ¢ is approximately the interaction area between
incident and target particles. As a result, the number of -
A-particles scattered off the particles per unit time is equal ——>—— Q o

to the number of incident (A) per unit area per unit time

N
/
xo i.e. Fo. But this is the probability per unit time for
Figure 12: The incom-

the incident particles to transition to a final state ing beam of particles as it
Pisss Pisss 1 comes into contact with the
Fo = 1T =0 = ;‘v 7 (2.34) effective cross sectional area

o. Particles that fall inside

the cross sectional area scat-
Now the cross section is defined for a single particle i.e. ter off the surface while par-
ticles not in the line of sight
stream freely due to the lack
of contact,

na = 1/V which leads to
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o= (UZI) (P;f) (2.35)

Plugging in the result for the probability per unit time gives us

o — 5 / d3p3 / d3p4 ’Mﬂ|2(2ﬂ,)45(4) (pl + Py — p3 — p4) (2.36)
4E1E2vrel (271')32E3 (27T)32E4 * ’

I 1 £

R
e

Figure 13: 2—2 where the particles in the initial state |i) start with momenta p;, po and
end in the final state |f) with momenta ps, ps.

d3
where we’ve renamed q; — p2, p2 — —D3, G2 — p4. Recall P s the Lorentz

(2m)32E,
invariant phase space (LIPS) and for collinear scattering
E1Eyv,e = \/(p1 -p2)? —mim3, (2.37)
and in the Center of Mass py, = —ps.
et
> - - <
=2 > . Y
pi / p9: - p‘
-

= —-fss

Figure 14: 2—2 scattering in the center of mass frame. The initial momenta of particles
1 and 2 are collinear as well as the final momenta of particles 3 and 4. However, particles
3 and 4 are scattering off an angle with respect to the initial particles.

Thus in the center of mass frame, E)Fyve = |p1|(E1 + Es) where E; + E5 represent
the total energy in the center of mass. Scattering in the center of mass frame can be
depicted as

Now given that
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-
A= Py
e
’A./ B=-P=-p;
iKY - P 3

=P =-Fe

Figure 15: Scattering in the center of mass frame.

oY

(p1-p2)? — (mamy)? = |pi| (E1 + Ey), (2.38)

and recognizing that 6 (p;+ps —ps—ps) = 6(Ey +Ey— Es— E,)0%) (p1+p2—ps —Ppa4)
and that p; + p2 = 0 means that the cross section is

g d3pf s
(87)2|pil(Er + E») J E3E,

o =

(Ey + By — Es — Ey)|M|?

P3=—Pys"’

(2.39)

Using d3pf = pf dppdQ, dQ2 =2rdcosf and Ey + Ey = E5 + E; = Eyo = /s where

s = (p1 + p2)* = (E) + E»)? in the center of mass. Thus we express the differential cross

section
do B S /°° P M;il?d(Eior — (B3 + Ey)) (2.40)
dQ cM (87T)2|pi|Etot \/pft -+ mg\/p? + mi : .
We define z = \/pfc+mg+ \/pfd—mi = ps = prlz) =
de 1 N 1 ps(z psdpy _
\/pfc—i—m% \/p?c—i—mi \/pf+m3\/pf+m4 \/pf+m3\/pf—|—m4
(2.41)

We also see that at py = 0, x = mg3 + m4 which when plugged into the differential

cross section we get

do

s * dz
. [ mwmrsma o o)

B (87T>2Et0t |p1 | m3+ma

where we label mg 4 my as the threshold for the reaction. Now in order for §( Fio, — )
to have support in the integration region then we must have F,;,; > mg+ my4 which leaves

do _
do

Py
8m)2 |pi| B

(M yi20(Eio — (ms +my)), (2.43)
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where the * means it is evaluated at ps = —ps = —p and p} is determined by

. 1
Bw = Br = \/(0})2 + m3+ (0))2 + m}  p} = E\/ [E7 = (mg — ma’][E} — (m3 +ma)?].
(2.44)
The reaction threshold corresponds to when Ep = m3+my = p} = 0 i.e. the collision

products are at rest in the Center of Mass frame.

2.2 Scalar QED

Start with the Lagrangian for the complex Klein-Gordon Equation

L=-0,010'd — M?d'0, (2.45)

and recall that the theory is invariant under a global U(1)-gauge symmetry ® — e?®.
Next we promote this spacetime constant to a spacetime-varying field 6 = 0(r,t). We see

that the gauge symmetry has been spoiled

L =-0,010'd — dTOM? —i0,0(P0"®" — OT9"D) — O1D9,00"0. (2.46)

To restore the gauge symmetry, we must find a way to cancel out all the 6 terms.
Fortunately we know that under a gauge transformation, gauge fields, specifically the

4-potential from E&M, transforms via A4, — A, + %8“6’. Express the new Lagrangian by

L=—(D,®)'D'd — M1, (2.47)

where D, = 0, — ieA, is the covariant derivative and e is the elementary charge
coupling constant. This gives us a new local gauge symmetry for which we want £ to be

invariant. To that we write

D,®(z) = (9,0—ie®A,) — @D, o(z), (D, ®(2)) = (9,0 +iedA,) — (D, ®(x))Te ),
(2.48)
and thus the Lagrangian
L =—(D,®)"(D"®) - M*¢'® (2.49)
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is gauge invariant since M2®T® is explicitly gauge invariant. Now that we have a new

field A,, we can also add its own dynamics i.e. a kinetic term

1
L=—(0,0" +icA,®) (0" — ieA*D) — M?®TD — 1" Fuw (2.50)
Let’s calculate the 2—2 scattering process: &y — ®~ i.e. Compton scattering.

@Z**F**, Au:/\/\/vv\/

We are interested in the following (tree-level) diagrams:

P
\Pz \Pz P
<

Ny o % L

The interaction Lagrangian is

o K:

A

Lint = —>AFA, 10 — je AM(D10,® — 09, D7). (2.51)

Let’s calculate the amplitude for the first (and easiest) interaction. The initial state is

|i) = |®, ) and the final state is |f) = |®,~). For the initial state, we need the operators

> — p e v = aga€ie'
) Y
2VE,, V2Vwg,

and the final state is

Thus the S-matrix element for this process is
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Sy = (=i)(=¢*) [ ate (F]T(AA,8')

2> (2.52)

g A eipi'.T eiqi-:v e—ipf~x e—iqf~:r
= ie x el'e, s (2.53)
V2V By, /g \/2VEy, \/2Vy,
iee; - €5 4 ilpita
- /d T e Pitai—pr—qs)w (2.54)
V2VER 2Vwe 2V E, 2Vwq,
2m)*6W (pi + ¢i — py — i
_ @m) (i + 4 — pr — ap) My (2.55)

V2VEL 2Vwe 2VE, 2Vwg,

where M ;; = ie%¢;-€;. There is also the diagram where we swap the legs for the photon
external lines but since that amplitude is identical to this one, the total contribution to
the amplitude is iMy; = —2¢e%¢; - €. Now we can focus on the second interaction term,

however this will require much more care. The S-matrix element looks like

5= CEFE [t [ aty a4 0@ (09,0() - (10,81 )]0 (1)0,2(0) — ()2,

(2.56)

We can get rid of the factor of 2 in the denominator since this integral is symmetric
in z,y. Now because the initial and final state are the same in the previous diagram, we

require the use of the same operators

~ in A~ . ~ —ipr- AT —iqf-T
& s ap; e VN aga€i€" "™ ot a;gfe o v = dgnese
2VE,, V2Vwq, 2VE,,’ V2V,

The S-matrix is then
piz el et (—ipy.s)e Py \ [ e "y
si:2/d4 /d4 ‘ : it ! 0|7(8,%'®)|0
ee ) SN avE,, )\ e, VB, )\ /ey, (OfT @u2'2)[0)

e N (G o 0,010,9)[0
QVEpf \/m < ‘ ( I v )‘ >

(_52’37> (fsz ) (OIT (@' (@)2())]0)

e sy e;e*iqf'y ;
v )\ s (0|T(@'9,®)|0)
f f

(2.57)

eipi-x
L /2VEpi>

Y

N N




where 9, = 577,09, = 57 Now we need to make use of the following definitions

4 eik~(ac—y)
(0| T (®(x)®'(y))]|0) = 2/ (;1#/;4 T (2.58)

4 eikz-($—y)
(0T (0,®(x)®(y))[0) = —/ (;’;4_;“_ Ve (2.59)

k-(z—y)
(0| T (®(x)0,P(y))|0) = / M2+ze (2.60)

dik Kk, ett@y)
2m)4 k2 — M2 + e’

(0| T (0,2(2)0,2'(y))[0) = / (2.61)

to plug them into the S-matrix element and we find

2
Sy = € /d4x/d4y !lpita)o—(pstar)y]
\/ZVEPZ, 2Vwq, 2V Ep 2V wy,

. . d*k, e thr(E-y) ' p d*k, k#,Qe—ik?(ﬂC—y)
{—z(zpi . Ei)(pr . ef)/ (27T)4 —k% — M2 — e + (pr . Ef)Ei / (271')4 —k% — M2 — e

d4k kl/ —iks:(z=y) d4k‘ k k’/ —ikg-(z—y)
+(Z'pi-6i)e;/ 3 3€ . —}-iefe;/ 4 Kyakya€ }’

(2m)* —k3 — M2 —ie (2m)* —k3 — M2 —ic

(2.62)
which simplifies to be
d4k el(pﬁqz k1)-x gi(ki—psr—qs)y
4 1
o —5[(])1 W)lps s /dx/d / — M? — e
/d4 /d4 / d4 kz 26 i(pit+qi— k2)$ i(k2—pr—qs)y

(ps-ep)e —k2 — M2 —ic

(2.63)

/ d4 / d4 / d kg ]{} 6 pz+‘h k3) ’L(kg—pf —Qf)~y
7 E’L € |
i(pi - €i)ey B

+i€ /d4 /d4 / d4k‘4 M4k 4@ i(pit+qi— k4):cez(k4 —pr—qs)y |
—k3 — M? — e

e2

/2VEp,2Vwq,2VEp WVuq, |

integrate with respect to x for each term and they all will yield [ d*z — (27)*0™ (p; +

where £ = Now we're ready to carry out the integrals. We can

¢ — ko) similarly with integrating with respect to y [d*y — (2m)*¢W(k, — p; — qy)
where a = 1,...,4. Thus when we integrate with respect to k,, those integrals all yield

[ d*k, — (2m)*0™ (p; + ¢ — py — q7). Thus the amplitude becomes
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At (pi-e)(ps - €p)

iMIi - )
—(pr+qp)* — M?

(2.64)

where we used the fact that the Dirac delta function enforces momentum conservation
so p; +q; = pr + qy as well as the fact that the photon is transverse so €;-¢; = € - ¢y = 0.
Further simplifications can be made by recognizing that p?> = —M? and ¢*> = 0 which

leaves

2e%(p; - € .
il = 2 pf_);?’f 0. (2.65)

We can find the amplitude for the last diagram by making the observation that it’ll

be the same as this one by making the substitution ¢; <+ —g; which gives

2¢2(p, - €. .
bi-qy

Meaning the total tree-level amplitude for this process is

M = 2 (pi-ei)(py-ep) _ Pi-e)(proeg) . (2.67)
Di- g Di-qr
2.3 Compton Scattering
e y—ey
Here our initial state |i) = |e;,72) and our final state |f) = |e;,73). So we wish

to destroy 9 and create 3 which means we need two A’s which implies we need to go

second order. At x, we destroy e; and create e; and the same can be done at y

€4
{ V3
€1 ey
T
V2 4 V3
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Notice how these diagrams are exactly the same by x < y = % However at x, we

can either destroy v, or create 3. In the latter case v, is destroyed at y

(1)

The "dangling” fermion lines will ”join” into an internal fermion propagator. This
is seen as follows: in second order we have the term v (y)A(y)v(y)¢(z)A(z)w(z). The
() ~ b+d souse b to "kill” ey at z. At y, P(y) ~ bf +d so use b' to create ey or acting
on (f| : (es] bh = (0] = () = by |ey) = 0. There remains (0[¢(z)¥(y)|0) (and the A’s
create/destroy the photons in |f),|i)) with the 7 symbol. Thus we have the fermion

propagator. The second order terms need

IT @oWvepto W al@)vists () Auly) A (@)]3) (2.68)

where we carefully kept the Dirac indices. Writing the 7-symbol explicitly there are

two terms
(@) (ea, vl (Ve (Wt p ()0 a(2)Vap¥s(2) Au(y) A (2)O(T — 1)) e, 72) | (2.69)
(0) {ea, 13l (¥ a(2) V4 p0B(2) e (2)7Eptp (2) Au(2) AL (1) Ot — 7)) ler, ) (2.70)

and consider
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\\el e

r—»— ——Y
(D Wj’f

In (a): use bt from Pq(y) : (es| b = (0|, and b from ¢p(z) such that by |e;) = 0 =

A X

(don’t write normalization and exponential factors) and get
(a) + (09s]te(4)7Ep¥p W)V a(2)Vapus(1) Au(y) Ay (2)O(r — 1)[072) (2.71)

Now we can use A,(x) (a- term) to destroy 7, at x and the a' term from A,(y) to

create 3 at y. There remains the expectation value
(0[n(y)y 4(2)|0) O( — 1). (2.72)

In (b): use by from ¢ () : by |e1) = |0) and b} from ¥(y) : (e4] bl = (0] where as in (a)
the ordering was 131(31 now for (b), the ordering is ZA)llA)jl — —131131 which implies there is a

relative sign = in (b), the remaining Fermi operators are
— (0] a(2)¥p(y)[0) Ot - 7), (2.73)
and use A,A, to create/annihilate the photons as in (a). There remains

(0[p ()P4 (2)]0) O(r =) — (04 (x)¥p(y)|0) O(t—7) = (0T (Yp(y)a(x))]0), (2.74)

which is the fermion propagator given by

4
d*k (k + mE)DA eik-(acfy).

Or) k2 = m2 + de (275)

O (4 (5)Ba(2))]0) = i /

Now we put everything together to get

Diagram II differs from I by "swapping” the external bosonic lines and labels 2453

with A, ~ (a + a')e, after using a,a’ the e—polarization vectors remain e* = (0, €')
at x = that k = p; + ¢» and at y = k = g3 + p4. Thus the scattering amplitude for this

diagram is
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€1 €4 €1 €4

(1) V2 V3 (I1) Y2 V3

€11 Pa€4g

P1+ @2

2 V3

(I) G262 q3€3

Z(% + me)DA v

My = (i) e (@)pe(3) 1y e (2un (). (2.76)

For II, create 3 at = €,(3)e"® ™ and destroy 7o = €,(2)e "

€1p1 €4

yai P4
\Ih - Q3/

(II) 73,43 Y2, 42

From I, "swap” €,(3) < €,(2),6,(2) > €,(3) and g3 = —q2, ¢ — —¢3. This is
because now at x, g3 goes out of the vertex (e'%%) and ¢, goes into the vertex at y(e="2"Y)

which leads to the scattering amplitude

i(k+me)pa ,

MG = (mie) uc@tpen(2) g — 5 o Vase (3us(1), (2.77)

where k = p1 — g3 = ps — @2 = p1 + @2 = @3 + ps. What is the relative sign? Swapping
Yo <+ v3 = swapped only photon lines agay = &;&2 (commute for 2#3). Thus there’s a
relative + sign. We can see this by noticing that swapping the electron lines also swap the
lines in the Fermi propagator = swapping all 4-Fermi lines= they commute= relative
+ sign=- M’;ﬂt = M}? + M%I) . Thus the scattering amplitude for Compton Scattering

)

is
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'7)1 +g2+me
(p1 4+ q2)% — m2 +ie

(b - q;)ggjmﬂf —(Bu()|.
(2.78)

o =i(—ie)® |u(4)¢(3)

f(2u(l) +u(4)¢(2)

2.3.1 Feynman Rules

(1) Draw the different Feynman Diagrams: relabeling x <+ y cancels %

(2) For each incoming fermion line: b — u and for each outgoing fermion line b — 4.
For incoming anti-fermions d — v and for outgoing anti-fermions dt = v. Arrange the
spinors in order (@, ?)7y(u,v) from ¥y .

(3) Conserve energy /momentum at each vertex: the transfer momentum to an internal
propagator i pi, — Pour = total E/p conserved.

(4) In-out photons ("on-shell”) = e = (0, €).

(5) Internal scalar propagator:

?
k2 — pu? + i€’
Internal photon propagator:
—ig,
k% + i€’

Internal MVB propagator:

—1 (guu - kf\j[kzy)
k2 — M2 +4e

Internal fermion propagator:
i(k +m)
k2 —m2 + i€’

6) "Swapping” external bosonic lines = relative (+) sign and swapping external
g g g
fermion lines = relative (-) sign (from anti-commutators)
(7) In-out particles obey free-field dispersion relations ”on-shell” k?* = M?

2.3.2 Compton Scattering Revisited: Gauge Invariance and Ward Identities

Recall the diagrams and My, for e;v2 — esys
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€1 €4 €1 €4

V2 V3 V2 V3

pl +¢2+me
(p1 + q2)* — m2 +ie

pl B g?, +me
(p1 — q3)® — m2 + ie

Myi = i(—ie)* |a(4)¢(3) f(2)u(l) +u(4)4(2) f3)u(1)].

(2.79)
The photons are external on-shell with g5 = ¢ = 0. We can write
Myi = M (1, P45 @2, 43)€" (g2)€” (g3), (2.80)
where
My = —ie? | a(d)yh—— (1) 4 a(d)y———— (1|, (281)
Pyt dy — e Py =y — e
with g@_ = QQ;JF . This result is more general: for an S-matrix element with external

(on-shell) photons, the M ; can always be written as M ,ap..€"(p1)e” (p2)e* (ps3) - - -
The photons are physical, transverse (e§ = (0,¢€)) but

the Sy; must be gauge invariant with

[ PAE prJrap/\e . (2.82)

\/_Zﬁ

Under a gauge transformation: A* — A* + A =
' (p) — i(p) + p*A. Therefore the gauge invariance of Sy,

Figure 16: A source emit- must imply
ting photons. The S-matrix
must maintain its gauge in-
variance in spite of the use
of gauge fields here.

PiMyas = PsMas = D5 Muvap - = 0. (2.83)

These are Ward Identities which are a consequence of Gauge Invariance. Consider

pyM,,, = 0. Total E/p conservation means p; + go = py + ¢3 which also means

1 B 1
Pty —me  Pytdy—me
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When we put in current conservation at each vertex

L ) +a(4);g3u(1) . (2.89)

"M, = —ie® |u(4)g,—————
! ( >g3p4—g3—me Py — 4y — e

Writing ¢, = p, +¢, —me—(p, —me) and u(4)(p, —m.) = 0. So the first term becomes
u(4)7"u(1). The second term ¢, = —(p, —¢,—me)+(p, —me) and (p, —me)u(l) = 0 which
means the second term becomes —u(4)yu(1). So ¢f M, = 0. Note that the individual
terms in M,,, do not cancel. Only the sum of all contributions cancel. This enforces S¢;
is gauge invariant but all Feynman diagrams at a given order must be included. Same
for gy M, = 0.

The Ward Identities simplify the calculation of unpolarization |Mg;|? by summing
over the final photon polarizations. To show the main aspect, consider only one photon

in the final state My = €\ (p) M,

(Myi> = MEM,ehe. (2.86)

The physical photons carry the constraint ¢ = 0 with two transverse polarizations.

The summed over polarizations yields
2
> Mgl = MM, Zem (2.87)
A=1

Define n* = (1,0,0,0); ¢ - n = w(q). Using

Z ehex = —g" — (57%2 + ((;.'7;7))2 (@"n" +q"n"). (2.88)

Because ¢“M,, = 0, only the —g"” term contributes therefore

2
> My = =g MM, (2.89)

A=1

For unpolarized Compton Scattering

ZZMW aseh (@) €5 (02)€0 (g3)€b (q3) = 9" g"P M, M. (2.90)

A=1 p=1
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2.3.3 Compton Scattering Cross Section: Klein-Nishina + Thompson

Carrying out the traces, but without summing over the photon polarizations gives

—_— ¢-p q-p
Mﬂze‘{——{— +4e(q) - €(q) — 2],
| M i v T (q)-€(d)

€1 €4 €1 €4

N7

2 V3 V2 V3

(2.91)

where ¢* = (w,q),¢" = (W', q’). In the lab frame where the initial electron is at rest,

p"* = (m,,0) and we get the Klein-Nishina Formula

do

_obu [WW Ly
dQ W' €c ’

- 2
ap Amglw w

where E/p conservation yields

1
1+ -2(1—cost)

W'
w

In the low energy limit w'/w ~ 1

do

2

OpMm N2
- — —EM (. )
0 (e-€)

- 2
ab  AM

Averaging over initial and summing over final photon polarizations
1 ne _ 1 2 L.
522(66) = 5(1—1—005 6) :1—§sm 9,
AN

which when applied to the differential cross section gives

do

—| = Oé‘%‘—M(l%—cos2 0)
dQ '

o 2
lab 2m6

2.3.4 Differential Thompson Scattering Cross Section

The Thompson Cross Section is
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do 8 o —24 2
oTh = /d_Q dQ? = 3 me ~ 0.665 x 10~ cm~. (2.97)

This can be calculated from the full Klein-Nishina differential cross section (and using

% Z)\ ZN(E . EI)Q) which is

do

2 M2r,.
Rl I Il I T A
0 [ 1 [ +— —sin 9}. (2.98)

2m? |w| |w

lab

In the low energy limit we recover Thompson Scattering but in the high energy limit

Me 1

UJ,
W Me
w w 1—cos@

and features a divergence as ¢ — 0. This is a collinear singularity: the

intermediate propagator is ~ m and (p1+ @) =p?+@E+2p1-¢ = (pa+q3)* =

(pa + q3)> —m? = 2py - g3 = 2(Eyws — Py - q3) with w3 = |qs|. In the high energy limit
E4 ~ |ps] = 2|ps||p4|(1 — cos ). This collinear singularity in the high energy limit is

2 2
TRN = —OEM 1n( ° ) (2.99)

2
5 m2

In the low energy limit, the Thompson Scattering cross section features the quantity
rog = EM = 2.82 x 10~ cm which is called the ”charge radius of the electron”. This

corresponds to the radius ry such that the Coulomb-"self energy” of the electron

= Mmec’, 2.100
47TTO Me€ ( )
which is the rest energy and
8
— 7;7“ (2.101)

This represents one of the largest cross sections in particle physics. It is almost as big
as nuclear cross sections. Thompson scattering is the primary process that establishes
local thermodynamic equilibrium in the electron photon plasma in the early universe and
establishes the temperature of the CMB. The term (e - €)> — sin*6 in 2 leads to a

quadrupole polarization of the photon distribution.
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2.3.5 Lessons Learned from Compton Scattering

(1) Ward Identities: Gauge invariance imposes constraints on the My; and is only
fulfilled by summing of all diagrams at a given order.

(2) Klein-Nishina Cross Sections: Thompson scattering is the low energy limit with
r2 ~ 1072* cm? where ry is the classical charge radius of the electron ~ 1073 cm.

(3) Collinear singularities: In the high energy limit, collinear singularities lead to log

enhancement of cross sections.

3 Gravitational Compton Scattering

3.1 Graviton-Complex Scalar Scatter

We start with the Lagrangian

1
V—gL = m\/_—g}% —V=9(¢"'V,2'V,® + M3 D). (3.1)

We shall be expanding our flat space g,,, = 1, + rhy, where k* = 327G. From here

we can expand the inverse and volume element

2

g = — kh 4L =g = 1+gh+%(h2 — 20 hag) + ..., (3.2)

where h = n*"h,,,. First we’ll pay attention to the Lagrangian for the scalar field Ls.
We shall also ignore terms that go like h or 0"h,,, since the polarization tensors are both

traceless and transverse. The Lagrangian becomes

2
Lo =~ (1 - %(wf) (" = KR+ K2WARS + . )0,010,@ + MPeTe] (3:3)

2
= —(0"®19,® + M*®'®) + kh*0,0'0,® — K2R h50,®10,® + %(hAp)Q(aﬂqﬂaucp + M?®1®).

(3.4)

The interaction Lagrangian is

2
Lint = KW 0,10,® — k*h**h%0,070,® + %(hAp)2(6“®T8#® + M*®T®) = Lyye + Lygaa-
(3.5)
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The Feynman diagrams for these interactions are

o o

PN éf’ % wﬁ%

The S-matrix elements can be found via the normal processes

Sﬁ:Q4x_ﬁ)/d%<fh(ﬁm“ﬂaﬁﬁvb—imMV@%W%®+AF@¢0i

where [i) = |g, @), |f) = |g, P) and we also have

& s p, P PN &qmeﬁueiqm
’ g )
2VE,, V2Vwg,
and
AT 7ipf-:p AT P p—iqfx
ot e gy Qe
) (1%
2VE,, V/ 2Vwq,

Let’s call the first term S}, and the second term S}/ Then

(3.7)
_ 2 / gty (TP - ep)es - ) ips - &)er e (38)
V2VEL 2VE, 2Vwg, 2Vwy, ’
and integrating the above, the associated amplitude is
iMy; = —r%(es - &) (pr - €5) (pi - €0), (3.9)

where we used the fact that €,, = €,6,. There’s an additional amplitude where we

swap the polarization vector and momentum of the graviton
iMy" = —r*(er - &) (pr - &) (pi - ). (3.10)
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Next we set our attention to the other S-matrix term

. 9
SH = —% A4z (f[T (W Dy (7 D10, D + M?D1D))]i) (3.11)
Eﬂl’e—iQf’m 6)\ eiqi'm e—ipf-x eipiw
——i/<;2/d4x L i —ip}) (ipin) + M?
V2 Vwy, V2V, V2V Ep, V2V Ep, (ip)ipa) }
(3.12)
€ 2 - D; M? i(pit+ai—pr—qs)x
— _Z'K/Q/d4x (Ef 6) (pf p + )6 , (313)
V2VEL 2VE, 2Vwg, 2V wg,
and when integrating the result gives
A I K2 2 2 K2 2
iMyi = (e &) (ps - it M) = (e - )" - dis (3.14)
where we used the fact that
pit@i=pr+ar<e pi—pp) = (G —ar)*=pr-vi=qr-q— M. (3.15)

There is also the other diagram to take account of where we swap the momentum and
polarization vector but that diagram is identical to the previous one. Therefore the tree

level amplitude for the 4-point vertex is

. . . . 1
IMEAME M MY = =k {(ef -€)(py - €pi - €+ Py €D €p) — §(€f 6)’qr - qil-

(3.16)

Now we can look at the 3-point vertex:

5= L0 [t [ty (1T @08 ()0, 2(0)0,8 (20,00,
(3.17)

where |f),|i) are the as defined previously. Using

N i ~ A igi-x
(i) _ Qp, e ;L N (g \€/ € 1
) nv )
2V E, vV 2Vwq,
and
T o—iPfY AT P p—iafY
(iDT . ay, e B . g, p€pus€
3 uv 9
QVEpf A /2quf
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we are left with

O‘B l“’ ; . \ei(Dit+qi)x ,—i(prtqr)y
e (—ipsa) (ipi e
St = /d4 /d4 so)(ipu)e (0|T (0,21 (x)03®(y))]0) .
\/QVE 2VE, 2Vwg, 2V wg,
(3.18)
Recall from Scalar QED the Green’s function
Ak k,kgett(@+y)

T — nhp

(0| T(8,2(x)05®(y))]0) = z/ ST o o (3.19)

the S-matrix is then

v iRer - pp)(e - pi)el tel /d4 /d4 / Ak Ky ke Prtai—k) e gilk—ps—as)y
. \/ZVEPZQVEpf2qu 2Vwq, —k2 — M2 + e '

(3.20)
Integrating the z and y coordinates yield [d*z — (2m)*@W(p; + ¢; — k), [d*y —
(27)*6™W(k — py — q;) and integrating the internal momentum yields [ d*k — 6*(p; +

¢ — pr — qr). We are thus left with the amplitude

2(pf ‘€f>(pl El) (pf+Qf> (pf+Qf>5 _ H_Q(pz '6¢)2(pf '6f)2'

iMY, = — 3.21
! —(py +45)* = M? 2 pi - i (3:21)
And the other amplitude where we swap the q’s and €’s

2 .. 2 . . 2

2 Di - qy

Unfortunately, we're not done. There is yet one more diagram of order x? coming

from the Einstein-Hilbert action whose interaction vertex is

9

The cubic order Ricei scalar is

3k3

V—gR® = —Thwmﬂa@phw — 9R3RM 0P RN 0phyn — 3KPOMROPhzhy,.  (3.23)
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